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r : M — » BG and a homomorphism of rings with involutions ft : ZG — » i? 
to the case with boundary dM, where (M, dM) —> (M,dM) is the G- 
covering associated to r. We need the assumption that C*(dM) R is 
.R-chain homotopy equivalent to a .R-chain complex D* with trivial m-th 
differential for n — 2m resp. n = 2m + 1. We prove a glueing formula, 
homotopy invariance and additivity for this new notion. 

Let Z be a closed oriented manifold with reference map Z — > BG. Let 
F C Z be a cutting codimension one submanifold F C Z and let F — > F be 
the associated G-covering. Denote by a m (F) the m-th Novikov-Shubin 
invariant and by bm (F) the m-th L 2 -Betti number. If for the discrete 
group G the Baum-Connes assembly map is rationally injective, then we 
use cr(M, r) to prove the additivity (or cut and paste property) of the 
higher signatures of Z, if we have a m (F) — oo + in the case n = 2m and, 
in the case n — 2m + 1, if we have a m (F) — oo + and bffi (F) = 0. This 
additivity result had been proved (by a different method) in [lid, Corollary 
0.4] when G is Gromov hyperbolic or virtually nilpotent. We give new 
examples, where these conditions are not satisfied and additivity fails. 

We explain at the end of the introduction why our paper is greatly 
motivated by and partially extends some of the work of Leichtnam-Lott- 
Piazza @, Lott f£| and Weinberger Q. 
Key words: higher signatures, symmetric signature, additivity 
1991 mathematics subject classification: 57R20, 57R67 



Introduction 



Let M be an oriented compact n-dimensional manifold possibly with bound- 
ary. Let G be a (discrete) group and r : M — » BG be a (continuous) ref- 
erence map to its classifying space. Fix an (associative) ring R (with unit 
and) with involution and a homomorphism (3 : ZG — > R of rings with involu- 
tion. Let dM — > dM and M — > M be the G-coverings associated to the maps 
r\ 9 M ■ dM -> SG and r : M -> BG. Following g| Section 4.7] and jfij, 
Assumption 1 and Lemma 2.3], we make an assumption about (dM,r\dM)- 

Assumption 0.1 Let m be the integer for which either n = 2m or n = 2m + 1. 

Let C„(dM) be the cellular ZG-chain complex. Then we assume that the R- 
chain complex G*(9M) ®zg R is R-chain homotopy equivalent to a R-chain 
complex whose m-th differential d m : D m — > D m _i vanishes. 



We will discuss this assumption later (see Lemma 3.1). 
We first consider the easier and more satisfactory case n = 2m. Under 
Assumption |0.l| we will assign (in Section ||) for n = 2m to (M, r) the element 

er(M, r) G L 2m (R), (0.2) 

which we will call the symmetric signature, in the symmetric L-group L 2m (R) 
(Here and in the sequel we are considering the projective version and omit in 
the standard notation Lp m (R) the index p) 
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This element <r(M, r) agrees with the symmetric signature in the sense of pC| 
Proposition 2.1], [El] page 26], provided that dM is empty. If dM is nonempty 
and D m = then a{M,r) was previously considered in p5| and |l4|, Appendix 
A]. 

The main properties of this invariant will be that it occurs in a glueing 
formula, is a homotopy invariant and is related to higher signatures as explained 



in Theorem 0.3, Theorem O.q and and Corollary 0.7. 



Theorem 0.3 (a) Glueing formula 

Let M and N be two oriented compact 2m- dimensional manifolds with 
boundary and let (f> : dM — > dN be an orientation preserving diffeo- 
morphism. Let r : M N~ — » BG be a reference map. Suppose that 



(dM,r\gM) satisfies Assumption 0.1. Then 



a{M^ 4> N-,r) = a(M,r\ M ) - <j(N,r\ N ); 

(b) Additivity 

Let M and N be two oriented compact 2m -dimensional manifolds with 
boundary and let <fi, ip : dM — » dN be orientation preserving diffeomor- 
phisms. Let r : M U N~ -> BG and s : M N~ — > BG be refer- 
ence maps such that t|m ~ s\m cind r\jy — s\n holds, where ~ means 



homotopic. Suppose that (dM,r\dM) satisfies Assumption 0.1. Then 



cr(MU iV-,r) = a(M N- , s); 

(c) Homotopy invariance 

Let Mq and Mi be two oriented compact 2m- dimensional manifolds pos- 
sibly with boundaries together with reference maps r< : M, — > BG /or 
z = 0,1. Let (f,df) : (Mo,dMo) — > (Mi,i9Mi) 6e an orientation pre- 
serving homotopy equivalence of pairs with no/ ~ ro. Suppose that 
(9Mo,ro|oM ) satisfies Assumption EO. Tften 



tr(Af ,r ) =<r(Afi,n). 
Next we consider the case n = 2rn + 1. Then we need besides Assumption |3.l| 



the following additional input. Assumption 3.1 implies that H m {C lr {dM)®zGR) 
is a finitely generated projective i?-module and that we get from Poincare duality 
the structure of a (non-degenerate) (— l) m -symmetric form /i on it. Following 
@ Section 3], we will assume that we have specified a stable Lagrangian L C 
H m (C*(dM)<3zG R) ■ The existence of a stable Lagrangian follows automatically 



if 2 is a unit in R (see Lemma 2.4). Under Assumption |0.l| and after the choice 
of a stable Lagrangian L we can assign for n = 2m + 1 to (M, r, L) an element, 
which we will call the symmetric signature, in the symmetric X-group L 2rn+1 (R) 
(see Section ||) 

<j(M,r,L) e L 2m+1 (R). (0.4) 

It agrees with the symmetric signature in the sense of [^0[ Proposition 2.1], pl| , 
page 26], provided that dM is empty. 
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Theorem 0.5 (a) Glueing formula 

Let M and N be oriented compact (2m + 1)- dimensional manifolds with 
boundary and let <p : dM — > dN be an orientation preserving diffeo- 
morphism. Let r : M LU N~ — > BG be a reference map. Suppose that 



(dM, t\qm) satisfies Assumption 0A_. Suppose that we have fixed two sta 



ble Lagrangians K C H m (C*(dM) ®zg R) and L C H m (C*(dN) ®zg R) 
such that the isomorphism H m (C*(dM) ®zg R) —> H m (C*(dN) ®zg R) 
of (— l) m -symmetric forms induced by <fi sends K to L stably. Then 



d(MU^-,r) = a(M,r\ M ,K)-a(N,r\ N ,L); 



(b) Additivity 

Let M and N be oriented compact (2m + 1)- dimensional manifolds with 
boundary and let (j>, %p : dM — > dN be two orientation preserving diffeo- 
morphisms. Let r : M N~ — > BG and s : M N~ — > BG be reference 
maps together with homotopies Hm '■ t \m — s\m and hu ■ t\n ~ s\n- Sup- 



pose that (dM,r\oM) satisfies Assumption 0.1. Fix a stable Lagrangian 
K C H m (C st (dM) ®ig R)- The restriction of the homotopies hu and 
Iin to dM and dN induce a homotopy k : r\oM ° i> ° 4> — r \dM- We 
get from f/; -1 ° <t> and k an automorphism of the (— 1) TO -symmetric form 
(H m (C*(dM) ®i G R), A«)- Let L C H m (C*(dM) <g> ZG R) be the stable La- 
grangian which is the image of K under this automorphism. Thus we get 
a formation (H m (C*(dM) ®zg R)j fa K, L) which defines an element in 
[H m (C*(dM) ®z G R),ij,,K,L} e L 2m+1 (R) by suspension. Then 



a(MU (t> N-,r)-a(MU i ,N-,s) = [H m (C.(dM) ® ZG R),faK,L]; 



(c) Homotopy invariance 

Let M and Mi be oriented compact (2m + 1)- dimensional manifolds 
possibly with boundaries together with reference maps ri : Mi — > BG 
for i = 0,1. Let (f,df) : (Mo,dMo) — > (M\,dM\) be an orientation 
preserving homotopy equivalence of pairs together with a ho moto py h : 
r\ o / ~ ro. Suppose that (dMo,ro\gM ) satisfies Assumption \0-X Sup- 
pose that we have fixed stable Lagrangians Lq C H m (C*(dMo) ®zg R) 
and L\ C H m (C Sf (dMi) ®zg R)- Let L' be the image of Lq under the 

isomorphism of (— l) m -symmetric forms (H m (C*(dMo) ®zg R),tto) 
(H m (C*(dM\) ®ig R), Mi) induced by df and the restriction of the homo- 
topy h todM . We get a stable formation (H m (C*(dMi)®zGR), Hi: L' , Li) 
and thus by suspension an element 

[H m (C4dM~ 1 )® ZG R),Vi,L' Q ,L 1 }eL 2m + 1 (R). Then 

a(M^,rQ,L Q )-a(Ah,r 1 ,L 1 ) = [H m (C,(dM[) ®zg R),m,L' ,Li]. 

Of particular interest is the case, where R is the real reduced group C*- 
algebra C*(G, R) or the complex reduced group C*-algebra C*(G) and [3 is the 
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canonical map. Then Assumption 0.1 is equivalent to the assertion that the ra- 



th Novikov-Shubin invariant of dM is oo + in the sense of [fi5L Definition 1.8, 2.1 



and 3.1] (see Lemma 3.1), and the symmetric L-groups are 2-periodic. Moreover, 
the invariant er(M, r) is linked to higher signatures as follows, provided that dM 
is empty. 

Recall that the higher signature sign u (M,r) of a closed oriented manifold 
M with a reference map r : M — > BG for a given class u G H k (BG; Q) is 
the rational number (£(M) U r*u, [M]), where C(M) G ®i> H 4l (M;Q) is the 
L-class of M, [M] G Hdim(M) {M\ Q) is the homological fundamental class of M 
and ( , ) is the Kronecker pairing. We will consider the following commutative 
square of Z/4-graded rational vector spaces 

(n,(BGQ ®n.w Q)„ — KO n (BG) ® z Q ^(BG) ® z Q 



•I 



L"(C r *(G;M)) ® z Q -^-> KO n (C*(G; R)) ® z Q K n ((V(G)) ®z Q 

Some explanations are in order. We denote by Q the Z-graded vector space 
which is Q in each dimension divisible by four and zero elsewhere. It can be 
viewed as a graded module over the Z-graded ring by the signature. Then 

the Z-graded Q- vector space fl*(BG) <S>n„(*) Q is four-periodic (by crossing with 
[CP 2 ]) and hence can be viewed as a Z/4-graded vector space. The map D is 
induced by the Z-graded homomorphism 

D : n n (BG) KO n {BG), 

which sends [r : M — » _BG] to the iif-homology class of the signature operator 
of the covering M — > M associated to r. The homological Chern character is 
an isomorphism of Z/4-graded rational vector spaces 

ch : KO n (BG) ® Z Q-^ ® k > H ik+n {BG;Q). 

By the Atiyah-Hirzebruch index theorem the image choD([M, id : M — > M]) 
of the K-homology class of the signature operator of M in .Kdim(M) under 
the homological Chern character ch is C(M) n [M]. This implies for any class 
u G H k (BG; Q) 

signjM, r) := (C(M) U r*u, [M]) 
= (r*u, C(M) n [M]) 
= («,r.(r(M)D[Af])> 
= (u,cho£>([M,r])>. (0.6) 

Hence the composition cho£) : (Q*(.BG) <8>n«(*) Q) ~~ * ®k>oHik+n{BG] Q) 
sends [r : M — > BG] <8> 1 to the image under ffj(r) : #*(M; Q) -► H*(BG; Q) of 
the Poincare dual £(M) n [M] G ©*>o#4i-dim(Af)(M;Q) of the L-class £(M). 
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The map D is an isomorphism since it is a transformation of homology 
theories Jj^, Example 3.4] and induces an isomorphism for the space consisting 
of one point. The map a assigns to [M, r] the associated symmetric Poincare 
C* (G; M)-chain complex G* (M) <g) ZG G* (G; R) . The map A K resp. A are assem- 
bly maps given by taking the index with coefficients in G*(G;R) resp. G*(G). 
The map sign is in dimension n — mod 4 given by taking the signature of 
a non-degenerate symmetric bilinear form. Notice that the map sign is bijec- 
tive by results of Karoubi (see ]^3[ Theorem 1.11]). The maps indue, are given 
by induction with the inclusion R — > C and are injective. Obviously the right 
square commutes. In order to show that the diagram commutes it suffices to 
prove this for the outer square. Here the claim follows from the commutative 
diagram in J|, page 81]. 

The Novikov Conjecture says that sign M (M, r) is a homotopy invariant, i.e. 
if r : M — * BG and s : N —> BG are closed orientable manifolds with refer- 
ence maps to BG and / : M — > N is a homotopy equivalence with s o / ~ r, 
then sign u (M,r) = sign u (iV,s). Since the homological Chern character is ra- 
tionally an isomorphism for CW-complexes, one can say by ( |0.6| ) that D(M, r) 
is rationally the same as the collection of all higher signatures. Moreover, the 
Novikov Conjecture is equivalent to the statement that two elements [M, r] 
and [N,s] in Q n (BG) represent the same element in (f2*(i?G) ®n„(*) Q) resp. 
KO n (BG) ®z Q resp. K n (BG) ®% Q, if they are homotopy equivalent. 

Notice that the Baum-Connes Conjecture for G*(G) implies that A and 
hence Ar are rationally injective by the following argument (see ^ section 
7] for details). The map A can be written as the composition of the map 
K n {BG) = K^(EG) — > K n (E_G) G , which is given by the canonical map from 
EG to the classifying space EG of proper G-actions and is always rationally 
injective, and the Baum-Connes index map Kf(E_G) — » K*(C*(G)), which is 
predicted to be bijective by the Baum-Connes Conjecture. Notice that a is 
injective if and only if Ar is injective and that the injectivity of A implies the 
injectivity of Ar and hence of a. Since for a closed oriented manifold M with 
reference map r : M — > BG the image of [r : M — > BG] under a (and signo a) is 
a homotopy invariant of r : M — > BG, the commutativity of the diagram above 
and the rational injectivity of Ar implies the homotopy invariance of ([)!]) and 
thus the Novikov conjecture. Moreover, if Ar is rationally injective, D([M,r]) 
contains rationally the same information as a([M,r]). We mention that the 
Baum-Connes Conjecture and thus the rational injectivity of A is known for 
a large class of groups, namely for all a-T-menable groups S. The rational 
injectivity of A is also known for all Gromov- hyperbolic groups p6[ . 

From Theorem (§) and Theorem £T| (|) , we obtain the following corollary 
which extends |l(], Corollary 0.4] to more general groups G. 

Corollary 0.7 Let M and N be two oriented compact n- dimensional mani- 
folds with boundary and let </>, tp : dM — > ON be orientation preserving diffeo- 
morphisms. Let r : M N~ — > BG and s : M U^> N~ — » BG be reference 
maps such that t\m — s\m and t\n — s\n holds. Denote by dM — > dM the 
G-covering associated to t\qm ■ dM — > BG. If n = 2m, we assume for the m-th 
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Novikov Shubin invariant a m {dM) = oo + in the sense of pgj. If n = 2m + 1, 
we assume a m (dM) = oo + and for the m-th L 2 -Betti number b m (dM) = 0. 
(We could replace the condition bm\dM) = b y th e weaker but harder to check 



assumption that the automorphism in Theorem \0.q (Jb|) induced by ip~ o0 and 
the homotopy k preserve (stably) a Lagrangian of H m (C*(dM) (E)zg C*(G)). 
Suppose furthermore that the map Ar : KO n (BG) — > K n (C*(G;M.) is injective. 
Then all the higher signatures are additive in the sense that we have for all 
u e H*(BG,Q) 

sign„(MU iV-,r) = signjM U^iV^s). (0.8) 



We will construct in Example 1.1C many new examples (especially for odd 



dimensional manifolds) of pairs of cut and paste manifolds [M N , r] and 
[M N~ , s] (even with dM connected) such that t\m — s \m and r\^ — s\n 



holds and for which there exist higher signatures which do not satisfy (0.8), 



ie are not additive. There, the assumptions of Corollary 3.7, are not fully 
satisfied. The fact that, in general, higher signatures of closed manifolds are 
not cut and paste invariant over BG in the sense of 0, was known before (see, 
for instance, |l4|, Section 4.1]). The relationship to symmetric signatures of 



manifolds- with-boundary, and to the necessity of Assumption 0.1, was pointed 
out by Weinberger (see |l4|, Section 4.1]). The problem was raised in [O, Section 
4.1] of determining which higher signatures of closed manifolds are cut and paste 
invariant; we refer to flj, Section 4.1] for further discussion. It is conceivable 



that our Lemma 2.8 might help to provide, in the future, an answer to this 
problem. 

Finally we explain why our paper is greatly motivated by and related to the 
work of Leichtnam-Lott-Piazza |l(| , Lott and Weinberger p5| . 

The relevance of a gap condition in the middle degree on the boundary, 
when considering topological questions concerning manifolds with boundary, 
comes from Section 4.7 of Lott's pape r fl^| . This leads to Assumption 1 
in the paper of Leichtnam-Lott-Piazz a [flO which, from |[o[ Lemma 2.3], is 

|0.l| anc 



virtually identical to our Assumption |0.1| and was the motivation for our As 



sumption 0.1. Our construction of the invariant o~(M, r) by glueing algebraic 
Poincare bordisms is motivated by and extends the one of Weinberger pj| 
(see also |l4], Appendix A]) who uses the more restrictive assumption that 
C*(9M) ®zg R is i?-chain homotopy equivalent to a i?-chain complex with 
D m = 0. Notice that Weinberger's assumption implies both our Assumption 
|5~l] and H m (C* (dM) R) = so that there is only one choice of Lagrangian, 
namely L = 0. The idea of using a Lagrangian subspace, instead of assuming 
the vanishing of the relevant middle (co-)homology group, is taken from Section 

3ofjnj. 



In the case when R = C*(G) and under Assumption 3.1, an analog of our 
symmetric signature o~(M, r) was previously constructed in ]10| as a conic index 
class a CO nic & Kq(C*(G)). The homotopy invariance of a CO nic, i.e. the analog of 
our Theorem p.3| (c), was demonstrated in jl0[ Theorem 6.1]. Furthermore, the 
analog of the right-hand-side of the equation in our Theorem p.5|(c) previously 
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appeared in |T^, Proposition 3.7] 

If 13°° is a smooth subalgebra of C*(G), the authors of (To) computed the 
Chern character ch(a con i C ) E H*(B°°) of their conic index explicitly in terms of 
the L-form of M and a higher eta-form of dM . They identified ch(cr co „i C ) with 
the i/»(£>°°)-valued higher signature of M introduced in p^ |. From this the au- 
thors of [|l0| deduced their main result |l0|, Theorem 0.1], namely the homotopy 
invariance of the (i3°°)-valued higher signature of a manifold with boundary, 
as opposed to just the homotopy invariance of the "symmetric signature" <7 CO mc- 
(In fact, this was the motivation for the use of a C onic in (l(J, instead of <r(M, r).) 

As an immediate consequence of its main result, the paper JkJ deduced the 
additivity of ordinary higher signatures of closed manifolds under Assumption 



3.1, i.e. our Corollary 3.7, in the case when G is Gromov-hyperbolic or virtually 
nilpotent, or more generally when C*(G) admits a smooth subalgebra B°° with 
the property that all of the group cohomology of G extends to cyclic cocycles 
on B°° Jl0|, Corollary 0.4]. It is known that the Baum-Connes assembly map is 
rationally injective for such groups G. 

What is new in our paper is the direct and purely algebraic approach to 
the cut and paste problem of higher signatures of closed manifolds, through 
the construction of symmetric signatures for manifolds with boundary under 
Assumption 0.1. This leads to the main goal of the present paper, namely, to the 
proof of the additivity of higher signatures under Assumption 3.1 in Corollary 
3.7, provided that the Baum-Connes assembly map is rationally injective. In 
this way, our main result, Corollary 3.7, is an extension of 110, Corollary 0.4]. 



1 Additivity and mapping tori in the bordism 

group 



Throughout this section X is some topological space. Denote by Cl n (X) the 
bordism group of closed oriented smooth n-dimensional manifolds M together 
with a reference map r : M — > X. Consider quadruples (F, h, r, H) consisting of 
a closed oriented (n — l)-dimensional manifold F together with an orientation 
preserving self-diffeomorphism h : F — + F, a reference map r : F — > X and 
a homotopy H : F x [0, 1] — > X such that H(— , 0) = r and H(—, 1) = r oh. 
The mapping torus Th is obtained from the cylinder Fx [0,1] by identifying the 
bottom and the top by h, i.e. (h(x), 0) ~ (x, 1). This is again a closed smooth 
manifold and inherits a preferred orientation. The map r and the homotopy H 
yield a reference map rx h ■ 2~k — ► X in the obvious way. Hence we can associate 
to such a quadruple an element 

[F,h,r,H] := [T h ,r Th ] £ Cl n (X). (1.1) 

Given two quadruples (F,h[0],r[0],H[0]) and (F, h[l], r[l], H [1]) with the same 
underlying manifold, a homotopy between them is given by a family of such 
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quadruples (F, h[t],r[t],H[t]) for t G [0, 1] such that the family h[t] : F F is a 
diffcotopy. One easily checks that for two homotopic quadruples (as above) we 
have in £l n (X) 

[F,h[0},r[0},H[Q]] = [F,h[l],r[l],H[l]]. (1.2) 

The required cobordism has as underlying manifold F x [0, 1] x [0, 1]/ ~, where 
~ is the equivalence relation generated by (x,0,t) ~ (h~ 1 [t](x), l,t). 

Given two quadruples of the shape (F, h, r, H) and {F 1 g, r, G), we can com- 
pose them to a quadruple (F, goh, r, H*G), where H*G is the obvious homotopy 
r ~ r o goh obtained from stacking together H and G x (hx id[ .i] ) . One easily 
checks that in tt n (X) 

[F,goh,r,H*G] = [F,h,r, H] + [F, g,r,G]. (1.3) 

The desired cobordism has as underlying manifold Fx [0, 1] x [0, 1]/ ~, where ~ is 
generated by (x,0,t) ~ (h- 1 {x), l,t) for t G [0,1/3] and (x, l,t) ~ (g^ 1 {x), 0, t) 
for t G [1/3, 1]. We recognize the mapping torus of g o h as the part of the 
boundary which is the image under the canonical projection of the union of 
F x {0} x [1/3, 2/3], F x [0, 1] x {1/3}, F x {1} x [1/3, 2/3] and F x [0, 1] x {2/3}. 

Notice that the class of a quadruple in Cl n (X) does depend on the choice 
of the homotopy. Namely, consider two quadruples (F, h, r, H) and (F, h, r, G) 
which differ only in the choice of the homotopy. Let u : F x S 1 — > X be the 
obvious map induced by r and composition of homotopies H * G~ : r ~ r. Then 



we get from (1.2) and (1.3) in Q n (X) 



[F,h,r,H]-[F,h,r,G] = [u : F x S 1 -> X]. (1.4) 

The right side of ( |1.4| ) is not zero in general. Take for instance F = CP 2 
and X = S 1 and let Uk : F x S 1 — > S* 1 be the composition of the projection 
F x S 1 — > S 1 with a map S" 1 — » S* 1 of degree fc G Z. Then in this situation the 



right-handside of |L4| becomes [u fe : CP 2 xS 1 ^ S 1 ] for r : CP 2 — > S" 1 a constant 
map. This element [ufc : CP 2 x S* 1 — » S" 1 ] is mapped under the isomorphism 

n^s 1 ) = o 4 (*) © ns(*) = z © z/2 to (*, o). 

Let M and iV be compact oriented rt-dimensional manifolds and let (j>, ip '■ 
dM — > dN be two orientation preserving diffeomorphisms. By glueing we obtain 
closed oriented n-dimensional manifolds M N" and M N~ . Let r : 
M Utj, N~ —* X and s : M U^, N" — > X be two reference maps such that there 
exists two homotopies H : v\m — s|m and G : r|jv — s\n- By restriction we 
obtain homotopies H\qm ■ f\dM — s \dM an d G\qn ■ — s\qn- Notice that 
(by construction) r\g N o <f> = t\q M and s\on i> — s|dM- Thus H\g M and 
G~\on o {i> x id) can be composed to a homotopy if : r\gM — r \dM ° V 1, 
Thus we obtain a quadruple (cW, <^ _1 o tp, r\g M ,K) in the sense of (pTl|). 
Lemma 1.5 VFe <?ei m f2 n (X) 

[r:MU iV-^X]-[s:MU^iV-^X] = [dM,^ 1 o^,r\ aM ,K]. 
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Proof : The underlying manifold of the required bordism is obtained by glueing 
parts of the boundary of M x [0, 1] and of N~ x [0, 1] together as described as 
follows. Identify (x,t) G dM x [0, 1] with {<f>(x),t) in ON x [0, 1] if < t < 1/3, 
and with {ip(x),t) in ON if 2/3 < t < 1. ■ 



Corollary 1.6 Suppose in the situation of Lemma \l.5\ that X = BG for a 
discrete group G and that the image H of the composition 

ni(BM) -> tti(M) iri(BG) = G 

satisfies Hi(BH; Q) = fori > 1. Then the higher signatures of r : MU^N^ — > 
X and s : M iV~ — > X agree. 



Proof : In view of Lemma 1.5 we have to show that the higher signatures of 
(dM, <^ _1 o ip, r\dM, K) vanish. The homotopy K yields an element g G G such 
that the composition of c(g) : G — * G g' >— > gg'g~ l with t^i{t\qm) agrees with 
the composition of iti(r\du) with the automorphism 7Ti(0 -1 o ip). Obviously 
c(g) induces an automorphism of H . Denote the associated semi-direct product 
by H x Z. There is a group homomorphism from H x Z to G which sends 
h G H to h G G and the generator of Z to g G G. Let p : if x Z — > Z be the 
canonical projection. Then the reference map from the mapping torus T^-\ ^ 

to BG factorizes as a map T^-i ^ — > £>(_ff x Z) — > BG and the composition 

X^-io^ —> £>(i/ x Z) — ^* BZ = 5 1 is homotopic to the canonical projection 
pr : T0-i o ^ — * S 1 . Notice that Bp induces an isomorphism H*(BZ;Q) — > 
H*(B(H x Z;Q)) since H^BH^) = for i > 1. Hence it remains to show 
that all higher signatures of pr : T^-i ^ — > S 1 vanish. If 1 G H°(S 1 ;Q) — Q 
and u G i? 1 (S' 1 ;Q) = Q are the obvious generators, it remains to prove that 
sign 1 (pr : Ta-i ^ — ► S* 1 ) and sign M (pr : Tj,-i </, — » S* 1 ) are trivial. (Recall 
that sign u has been defined in the introduction.) These numbers are given by 
ordinary signatures of T^-i ^ and dM. Since T^-i ^ fibers over S" 1 and BM is 
nullbordant, these numbers are trivial. ■ 



Example 1.7 Consider the situation of Lemma 1.6 in the special case, where 
dM looks like RP 3 |jRP 3 x N for a simply connected oriented closed (n - 3)- 
dimensional manifold TV for n > 6 such that H m -i(N\ Q) or H m -z(N; C) is non- 
trivial and the map iti(dM) — > 7Ti(M) is injective. Recall that m is the integer 
satisfying n = 2m resp. n = 2m + 1 . The fundamental group of the connected 
sum RP 3 jjRP 3 is the infinite dihedral group fl M = Z/2 * Z/2 = Z x Z/2. Notice 
that there is a two-fold covering S 1 x 5 2 — > RP 3 []RP 3 and the universal covering 
of (RP 3 pP 3 )~ of RP 3 jjRP 3 is M x S 2 . Hence iJ m _!((RP 3 pP 3 x JV)~;C) 
ii m _i(-/V;C) © iJ m _3(iV;C) is a non-trivial direct sum of finitely many copies 
of the trivial Doc-representation C. Since a m ((RP 3 j}RP 3 x 2V)~) = a m ((S' 1 x 
S 2 x iV)~) Jl|, Remark 3.9] we conclude that a m ((RP 3 pP 3 x N)~) is different 
from oo + (see [[l6| Example 4.3, Theorem 5.4] or [jD], Theorem 8.7 (9)]). Hence 
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Assumption p.l| is not satisfied because of Lemma |3.1| and we cannot conclude 



|Q|an 



the additivity of the higher signatures from Corollary KX7 . But we can conclude 
the additivity of the higher signatures from Corollary 1.6 since Hi(BD oc ; Q) = 
Hi(BZ/2);Q) ©F 4 (FZ/2);Q) = holds for i > 1. 

More generally one can consider glueing tuples (M, Tm , N, rjsr, </>, H), which 
consist of two compact oriented n-dimensional manifolds M and N with bound- 
aries with reference maps tm : M — » X and ■ N —> X, an orientation pre- 
serving diffeomorphism <f> : dM — > dN and a homotopy H : dM x [0, 1] —>■ X 
between tmIsm and tnIon °</>, i.e. ^ a/ | o Af ~ nv|gjv °</>- To such a glueing tuple 
one can associate an element 

[M,r M ,N,r N ,<j>,H] := [M U dMx{0} (dM x [0, 1]) U N~,r] G fi„(X),(1.8) 

where r is constructed from r^/, F and r^r in the obvious way. One gets 

Lemma 1.9 Let (M,rM,N,rN,<f>,H) and (N,r^,P,rp,^p,G) be two glueing 
tuples. They can be composed to a glueing tuple (M, tm, F, rp, ip o 0, K), where 
K is the composition of the homotopies H and G o (<f> x id). Then we get in 

n n (x) 

[M,r M ,P,r P ,^o^K\ = [M,r M ,N,r N ,<l>,H} + [N,r N ,P,rp,i;,G]. 

Proof : The required bordism has the following underlying manifold. Take 
the disjoint union of M x [0,1], N x [0, 1] and P x [0, 1] and identify (x, t) G 
dMx [0, 1/3] with (<f>(x), t) G iVx [0, 1/3] and (y, ()eJVx [2/3, 1] with (ip(y),t) G 
9Fx [2/3,1]. ■ 



Example 1.10 In odd dimensions additivity of the higher signatures (some- 
times also called the cut and paste property) fails as bad as possible in the 
following sense. Let us consider m > 2, a finitely presented group G and any 
element ui G fl2m+i(BG). Then using the last (surjective) map of Theorem 3.2 
of ( |^8| ) and also the isomorphism given at the bottom of page 57 of (jl8)) (or 
see the Theorem in the appendix by Matthias Kreck), one can find a quadru- 
ple (F, h, r, H) for a 2m-dimensional closed oriented manifold F with reference 
map r : F — > BG such that [F,h, r, H] — lj in il^m+i (BG) and [F,r] — in 
fi 2m (BG) holds. Fix a nullbordism R : W -> BG for r : F -> BG. In the sequel 
we identity F = 9W. Since F admits a collar neighborhood in W, the inclusion 
F — » is a cofibration and thus we can extend the homotopy H : r ~ r o /i to 
a homotopy F' : F ~ F' for some map F' : W — ► FG such that FL M = r oh. 
Thus we obtain elements R'U h R : WU h W -> FG and FU id F : iyu id W -> FG 



such that F' ~ F. We conclude from Lemma 1.5 



[R' U h R : W U h W FG] - [F U id F : W U id W -> FG] = w. (1.11) 

The theorem of Matthias Kreck which he proves in the appendix shows 
that for to > 2 one can arrange in the situation above that the reference map 
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r : F — > BG is 2-connected, provided that BG has finite skeleta. (Since we only 
want to have 2-connected it suffices that BG has finite 2-skeleton.) Consider 
the special case m = 2 and G = Z. Choose i n the quadruple (L 1 , ft., r, if) 

such that r : L 1 — > £>Z is 2-connected. Then F is the universal covering of F. 
We conclud e fro m [fl5[ Lemma 3.3] that a^L 1 ) = a^fS* 1 ) = oo + . Therefore 



Assumption 0.1 is satisfied for dW = F by Lemma 3.1. Notice that there are 
elements to G ^(BZ) whose higher signatures do not all vanish, for instance 
[CP 2 x S l ,r] where r : CP 2 x S 1 -> SZ = S 1 is the projection onto the 
second factor. Hence, (for such an example), if we set [Mo,ro] = [W, R] and 
[M 1 ,r 1 ] = [W',R'], then formula Ql ll|) and Theorem [T| show that the right- 



handside of the formula of Theorem p.5| ([]) is not zero. Thus Assumption |0.l| is 
not enough in the case n — 2m + 1 (in contrast to the case n — 2m as proven 



in Theorem |0^ (|bj)) to ensure the additivity of the higher signatures. 

Counterexamples to additivity in odd dimensions yield also counterexamples 
in even dimensions by crossing with S 1 . In the situation of ( |1 . 1 1[ ) with lo G 
2m+ i(BG), we get in n 2m+2 (B(G x Z)) = n 2m+2 (BG x S 1 ) 

[R' x id s i U hxidsl R x id s i : W x S 1 U hKidsl W x S 1 -> BG x S 1 ] 

-[f? x id s i U idaivxsl f? x id 5 i :W x S 1 U idgwxsl WxS^BGx S 1 } 
= lu x [id si] 

and, since the L— class of lu x S 1 may be identified to the one of u>, for any u £ 
H*(BG; Q) we have sign MX[sl] (^ x [id s i]) = signj^) where £ H l {S l ; Q) 
is the fundamental class. Hence if to G il2m+i(f?G) admits at least a higher 
signature which is not zero, then W x S 1 Uhxid W x S 1 admit a higher signature 
which is not cut and paste invariant. 



2 Computations in symmetric L-groups 



In this section we carry out some algebraic computations and constructions 
of classes in symmetric L-groups which correspond on the geometric sid e to 



defining higher signatures of manifolds with boundaries (under Assumption DT ) 
and to glueing processes along boundaries. 

We briefly recall some basic facts about (symmetric) Poincare chain com- 
plexes and the (symmetric) L-groups defined in terms of bordism classes of such 
chain complexes. For details we refer the reader to (l{| and to the Section 1 of 

Let R be a ring with involution R — > R : r i— > r. Two important ex- 
amples are the group ring ZG with the involution given by ~g = g^ 1 and the 
reduced C*-algebra C*(G) of a group G. Given a left f?-module V, let the 
dual V* be the (left) f?-module homn(V, R) with the ^-multiplication given by 
(rf)(x) = f{x)r. Given a chain complex C* = (C*,c*) of (left) R-modules, 
define C n ~* to be the f?-chain complex whose i-th chain module is (C n -i)* 
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and whose i-th differential is c*_ i+1 : G*_ 4 — * C*_ i+1 . We call G* finitely 
generated projective if Cj is finitely generated projective for all i € Z and 
vanishes for i < 0. An n-dimensional (finitely generated projective symmetric) 
Poincare P-chain complex (G* , consists of an n-dimensional finitely generated 
projective P-chain complex C* together with a P-chain homotopy equivalence 
0° : C n ~* — > G* which the part for s — of a representative {4> s | s > 0} of an 
element in <f> in the hypercohomology group Q n (C«) = H n (Z/2; hom(C*, G*)). 
The element cf) 1 is a chain homotopy (</>°)™~* ~ </>2, where (<fi ) n ~* is obtained 
from (f>° in the obvious way using the canonical identification P — > (P*)* for a 
finitely generated projective P-module P. The elements </> s+1 are higher homo- 
topies for cj)% ~ (0 s ) n ~*. 

Consider a connected finite CW-complex X with universal covering X and 
fundamental group 7T. It is an n-dimensional Poincare complex if the (up to 
Z7r-chain homotopy well-defined) Z7r-chain map — n [X] ; C n ~*(X) —> C*(X) 
is a Z7r-chain homotopy equivalence. Then for any normal covering X — > X 
with group of deck transformations G, the fundamental class [X] determines 
an element in <fi G Q™(C*(X)), for which 0° is the ZG-chain map induced by 
— (~l [X] and (C*{X),4>) is an n-dimensional Poincare ZG-chain complex [gfj, 
Proposition 2.1 on page 208]. 

The (symmetric) L-group L n (R) is defined by the algebraic bordism group 
of n-dimensional finitely generated projective Poincare P-chain complexes. The 
algebraic bordism relation mimics the geometric bordism relation. The general 
philosophy, which we will frequently use without writing down the details, is 
that any geometric construction for geometric Poincare pairs, such as glueing 
along a common boundary with a homotopy equivalence, or taking mapping 
tori or writing down certain bordisms, can be transferred to the category of 
algebraic Poincare chain complexes. 

However, there is one important difference between the geometric bordism 
group Cl n (X) and the L-group L n (R) concerning homotopy invariance. Let G 
be a group and let M, N be two closed oriented n-dimensional manifolds with 
reference maps r : M — > BG and s : N — > BG. Suppose that / : M — > N is a 
homotopy equivalence such that s o / ~ r. Then this does not imply that the 
bordism classes [M, r] and [N, s) agree. But the Poincare ZG-chain complexes 
G»(M) and C*(N) are ZG-chain homotopy equivalent, and this does imply that 
their classes in L"(ZG) agree |l9[ Proposition 3.2 on page 136]. 

The following lemma explains the role of Assumption p.l[ Its elementary 
proof is left to the reader. 

Lemma 2.1 Let G* be a projective R-chain complex. Then the following as- 
sertions are equivalent. 

(a) G* is R-chain homotopy equivalent to a R-chain complex D* with trivial 
m-th differential; 

(b) im(c m ) is a direct summand in C m -\ where c m : G TO _i — > G m is the 
differential; 
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(c) There is a finitely generated projective R-subchain complex C C* with 
D m = ker(c m ), An-i © im(c m _i) = C m -x and D t = Ci for i ^ m,m — 1 
such that the m-th differential of is zero and the inclusion — > C* 
is a R-chain homotopy equivalence; 

Fix a non-negative integer n. Let to be the integer for which either n = 2m 
or n = 2to + 1. Next we give an algebraic construction which allows to assign to 
a (finitely generated projective symmetric) Poincare pair (i* : C* — > C*, (<5(/>, </>)) 
of n-dimensional i?-chain complexes an element in L n (R), provided that C* is 
chain homotopy equivalent to a i?-chain complex with trivial m-th differential. 
In geometry this would correspond to assign to an inclusion i : dM — > M of 
a manifold M with boundary dM together with a reference map r : M — » X 
an element in Q n (X), where C* resp. C* resp. i» plays the role of C*(<9M), 
C*(M) and C*(z). The idea would be to glue some preferred nullbordism to the 
boundary. This can be carried out in the more flexible algebraic setting under 
rather weak assumptions. 

We begin with the case n = 2m. Recall that we assume that C* is chain 
homotopy equivalent to an i?-chain complex D* such that d m : D m — > Z? m _i 
is trivial. Notice that we can arr ang e that D* is (2m — l)-dimensional finitely 
generated projective by Lemma |2.l[ Fix such a chain homotopy equivalence 
u* : C* — » Equip D* with the Poincare structure induced by on C* 
and u*. Define D* as the quotient chain complex of D* for which Di = Di if 
< i < m — 1 and Di — otherwise. Let j* : D % — » D* be the canonical 
projection. Notice that it is indeed a chain map since d m vanishes. There is a 
canonical extension of the Poincare structure ip on _D* to a Poincare structure 
(6ip, tp) on the pair j* : Z?* —*■!)*, namely, take 5-0 to be zero. Now we can glue 
the Poincare pairs (£* : C* — » C*, (S(f>, 4>)) and (j» : D* — > D*, (5ip,ip)) along 
the i?-chain homotopy equivalence m* : C* — > £>* §3], [^l[ 1.7]. We obtain 
a 2TO-dimensional Poincare i?-chain complex which presents a class in L 2m (R) . 
Since chain homotopy equivalent Poincare i?-chain complexes define the same 
element in the (symmetric) L-groups, this class is independent of the choice of 
u* : C* — > D*. We denote it by 

a(!,:C,-»C»,Wi))£L 2m (4 (2.2) 

Notice that a chain homotopy equivalence it* : D* — > of (2m — l)-dimensional 
chain complexes with trivial m-th differential induces a chain equivalence w* : 
£>* — > £7* such that u* and S* are compatible with the maps — > Z?* and 
-E* — » Z?» constructed above. Since chain homotopy equivalent Poincare R- 
chain complexes define the same element in the (symmetric) L-groups, the class 
defined in (^) is independent of the choice of u* : C* — > Z)* . 

The proof of the next lemma is straightforward in the sense that one has 
to figure out the argument for the corresponding geometric statements, what is 
easy, and then to translate it into the algebraic setting (see also [^l], Prop. 1.8.2 
ii]). 

Lemma 2.3 (a) Let (i» : C* — * C*,{5<j>, <p)) and (_/* : Z5* — ► £)*, (Sip, tp)) be 
2m- dimensional (finitely generated projective symmetric) Poincare pairs. 
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Let u* : C* — > P* oe a R-chain equivalence such that Q 2m : 
Q 2m - l (C*) -> Q 2m - 1 (D^) maps cj> to tp. Denote by (E*,v) the 2m- 
dimensional Poincare chain complex obtained from i„ and j* by glueing 
along u„. Suppose that C* is R-chain homotopy equivalent to a R-chain 
complex with trivial m-th differential. Then we get in L 2rn (R) 

a(E*,v) = o-(i*;C*^C*,(6<j>,<f>))-o-{j*:D*^D*,(Si),Tp)); 



(b) Let (i* : C* — * C*,(64>,4>)) and (j* : D„ — > D * , (6ij) , ip)) be two 2m- 
dimensional (finitely generated projective symmetric) Poincare pairs. Let 
(/*>/*) : i* ~ * i* ^ e a chain homotopy equivalence of pairs, i.e. R-chain 
homotopy equivalences /„ : C* — > P* and /* : C» — > P» wii/i /, oi, = 
j* o /„ sucft iTiai Q n {f*if*) maps {5(j),4>) to (Sip,tp). Suppose that C* 
is R-chain homotopy equivalent to a R-chain complex with trivial m-th 
differential. Then we get in L 2m (R) 



Now the invariant ( JO . 2| ) is obtained from the invariant ( |2.2| ) applied to the 
Poincare pair given by the associated chain complexes. Theorem |0.3| (|^) and 
(|) follow from Lemma |2.3| (|a]) and (Q) . Theorem |0.3] ([]) follows directly from 
Theorem |0.3| (0) and (Id) because the right side of the formula appearing in 
Theorem |0.3| (0) does not involve the glueing diffeomorphism. Notice that the 



geometric version of Lemma 2.3 (|a|) has been considered in Lemma |1.9| 

Next we deal with the case n = 2m + 1 . Recall that we are considering a 
(2m + l)-dimensional finitely generated projective Poincare P-pair (i» : C* — > 
C*, (S4>,4>)) and that we assume that C* is P-chain homotopy equivalent to a 
P-chain complex D„ with trivial m-th differential. Since C* ~ C 2m ~* ~ D 2m_ * 
holds by Poincare duality, C* is also P-chain homotopy equivalent to a P-chain 
complex, na mely , D 2m ~* whose (m + l)-th differential is trivial. We conclude 



from Lemma 2T that we can fix a P-chain homotopy equivalence u„ : C* —> P* 
to a 2m-dimensional finitely generated projective P-chain complex such 
that both d m+ i and d m vanish. This implies also that P m (C*) = H m (D*) = 
D m is a finitely generated projective P-module and the Poincare structure on 
C* induces the structure of a (— l) m -symmetric (non-degenerate) form /i on 
H m {C*). Recall that a (— l) m -symmetric (non-degenerate) form (P, fx) consists 
of a finitely generated projective P-module P together with an isomorphism 

fi : P — > P* such that the composition P — ► (P*)* — ► P of it* with the 
canonical isomorphism P — > (P*)* is (— l) m • /x. The standard (— l) m -symmetric 
hyperbolic form H(Q) for a finitely generated projective P-module Q is given 
by 

( _J )m J ) : #(<2) = Q* ® Q -> (Q* © Q)* = e Q*. 

A Lagrangian for a (— l) m -symmetric form (P, fi) is a direct summand L C P 
with inclusion j : i — > P such that the sequence — > L P J ° A '> L* — > 
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is exact. Any inclusion j : L — > P of a Lagrangian extends to an isomorphism 
of (— l) m -symmetric forms H(L) — * (P, /x). A stable Lagrangian for (P, /i) is a 
Lagrangian in (P, /it) © P(Q) for some finitely generated projective P-module Q. 
A formation (P, fi, K, L) consists of a (— l) m -symmetric (non-degenerate) form 
(P, /«) together with two Lagrangians K,L C P. A stable formation (P, //, K, L) 
on (P, /i) is a formation on (P, y) © P(Q) for some finitely generated projective 
P-module Q. For more informations about these notions we refer to §2]. 

There are natural identifications of L°(R, (—1)™) with the Witt groups of 
equivalence classes of (— l) m -symmetric forms and of £ 1 (P, (— l) m ) with the 
Witt group of equivalence classes of (— l) m -symmetric formations [[19[ §5]. There 
are suspension maps L°{R, (-l) m ) -> L 2m (R) and P^P, (-l) m ) -> L 2m+1 (R). 
These suspension maps are in contrast to the quadratic Pgroups not isomor- 
phism for all rings with involutions, but they are bijective if R contains 1/2 jl9], 
page 152]. The class of (C*,0) vanishes in L 2m (R), an algebraic nullbordism 
is given by (i* : C* — > C*, (50, 0)). Let it* : C* — > P* be a P-chain homotopy 
equivalence to a 2m-dimensional finitely generated projective P-chain complex 
with trivial m-th and (m — l)-th differential. Equip P» with the Poincare struc- 
ture ip induced by the given Poincare structure on C* and «*. By doing 
surgery on the projection onto the quotient P-chain complex P*| TO _i whose i- 
th chain module is Pi for i < m ~ 1 and zero otherwise, in the sense of |L9[ §4], 
one sees that the class of (C*,0) in L 2m (R) is the image under suspension of 
the element given by the (— l) m -symmetric form on H m (C*). If P contains 1/2, 
the suspension map is bijective. Hence the (— l) m -symmctric (non-degenerate) 
form on P m (C*) represents zero in the Witt group of equivalence classes of 
(— l) m -symmetric forms. This shows 



Lemma 2.4 Suppose that (M,r) satisfies Assumption 0.1 and that 1/2 6 P 



Then there exists a stable Lagrangian L C H m (C*(dM) (8>zg R)- 

Now suppose that we have fixed a stable Lagrangian L C H m (C^). By 
adding the m-fold suspension of H(Q) for some finitely generated projective P- 
module Q to C», we can arrange that L C P m (C*) is a (unstable) Lagrangian. 
Equip P* with the Poincare structure i\) induced by and it*. Let -R' C P m (P*) 
be the Lagrangian given by L and H m (u*). Let P* be the quotient P-chain 
complex of P* such that Pi = Pi for i < m — 1, P m = P*, Pi = for 
i > m + 1, the z-th differential is di : Di — > Pi-i for i < m — 1 and all 
other differentials are zero. Let : P„ P* be the P-chain map which is 
the identity in dimensions i < m — 1 and given by the obvious composition 
D m = H m (D*) H m (D 2m -*) = P m (P*)* -► K*. There is a canonical 
extension of the Poincare structure ip on P* to a structure (5tf>, ip) of a Poincare 
pair on : P* — > P*, namely, put Sip to be zero. Now we can glue the pairs 
i* : C* — ► C* and : P* P* along to get a (2to+ l)-dimensional Poincare 
P-chain complex. Its class in L 2m+1 (R) does not depend on the choice of Q, 
P* and it* and is denoted by 

a(u : -► C*, (50, 0), i) G i 2m+1 (P). (2.5) 
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Again the proof of the next lemma is straightforward in the sense that one 
has to figure out the argument for the corresponding geometric statements, what 
is easy, and then to translate it into the algebraic setting (see also [^l] Prop. 
1.8.2 iij). 

Lemma 2.6 (a) Let (i* : C* — » C*,(S4>,4>)) and (j* : — > D*, (Sip, ip)) be 
(2m + I) -dimensional (finitely generated projective symmetric) Poincare 
pairs. Let u* : C» — > be a R-chain equivalences such that Q 2m (u*) : 
Q 2m (C*) — > Q 2m (D*) maps 4> to tp. Suppose that C» is R-chain ho- 
motopy equivalent to a R-chain complex with trivial m-th differential. 
Let K C H m (C*) and L C H m (D*) be stable Lagrangians such that 
H m (u*) : iJ m (C») — > H m (D*) respects them stably. Let (E^,v) be the 
2m- dimensional Poincare chain complex obtained from i» and j* &?/ glue- 
ing along u*. T/ien we get in L 2m (R) 

a(E*,v) = o-(i*:C*^C*,(5(t>,(t>),K)-o-(j*:D*^D*,(5i},ilj),Ly, 



(b) Let (u : -> C*, (50,0)) and (j» : -» (<fyf,V>)) &e two (2m + 1)- 
dimensional (finitely generated projective symmetric) Poincare pairs. Let 
(/*>/*) : ** — > i* be a chain homotopy equivalence of pairs, i.e. R- 
chain homotopy equivalences /„ : C* — > £>* and /* : C* — > £>* imt/i 
o i* = j* o /* sucft i/iai Q 2m+1 (/*, /*) maps (S4>,(j)) to (5ip,ip). Sup- 
pose that C* is R-chain homotopy equivalent to a R-chain complex with 
trivial m-th differential. Let K C -ff^C*) and L C H m (D*) be stable La- 
grangians. Denote by K' C H m (D Sf ) the image of K under H m (f*). Then 
we obtain a stable equivalence class of formations (if m (£>*), j/, K' , L). Let 
[H m (D„),v,K',L] G L 2rn+1 (R) be the image of the element which is rep- 
resented in the Witt group of equivalence classes of formations under the 
suspension homomorphism. Then we get in L 2m+1 (R) 

<r(i. : C.->V.,(5<t>,<t>),K)-a(j t : — > U*, (Sip, ip), L) = [H m (D.),u, K' , L\. 



Now the invariant (0.4) is obtained from the invariant fl2.q) applied to the 



Poincare pair given by the associated chain complexes. Theorem D.5 follows 



from Lemma 2.6 



The next example shall illustrate that the choice of the homotopics hu and 
hjq in Theorem [D^ (Q) and of the homotopy h in Theorem |0.5| (0) do affect the 
terms given by the formations. We are grateful to Michel Hilsum who pointed 
out to us that in an earlier version we did not make this point clear enough. 

Example 2.7 Put R = Z[Z]. Consider (D 1 , 5°) with the following two different 
reference maps c, e : D 1 = [—1,1] — > BZ = S 1 , namely c(s) = exp(0) and 
e(s) = exp(7ri(s + 1)). Let h : D 1 x [0, 1] — > BZ = S 1 be the homotopy e ~ t 
sending (s, t) to exp(7rit(s+l)). Notice that c*EZ\ s o and t*EZ\ga agree and that 
we can choose therefore for both the same Lagrangian L C Ho(S°). Obviously 
Assumption |0.1| is satisfied. We want to show that cr^D 1 ^, L) and a(D 1 ,e,L) 
arc not the same elements in L°(Z[Z\). Their difference ^(D 1 , t, L) ~a(D 1 , e, L) 
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is given by the class of the formation [H m (C*(S )), fi\, L' , L{\. From Theorem 



l| (@) applied to (f,df) = id : {D^S ) -> (D 1 , S°) and h, we can identify 

1 



the form (H {S°),fi) with ( * - 1 J : Z ^ Z t Z l Z t Z l and choosc 

i = {(x,x) | x G Z[Z]} C Z[Z] ffi Z[Z]. The homotopy h and the identity on 
S° induce the Z-automorphism of c*EZ\ga = t*E7L\g» — S° x Z which is the 
identity on {— 1} x Z and multiplication with t on {1} x Z. The automorphism of 

the form (H (S°),fi) induced by df = id and h\ s o is ( I ° ) : Z[Z] ffi Z[Z] -> 



x i , 

Z[Z] ffi Z[Z]. Hence the difference a(D 1 ,t, L) — ^(D 1 , e, L) is represented by the 

formation (Z[Z]ffiZ[Z], y * ^ ^ , L' , L) for L' = {{x, tx) \ x e Z[Z]} C Z[Z]ffi 

Z[Z]. But the class of this formation under the isomorphism L°(Z[Z])[l/2] = 
L°(Z)[l/2] ffi L 1 (Z)[l/2] = Z[l/2] © = Z[l/2] is the generator. 

Similarily one can see from Theorem |0.5| (Q) that cr(5 1 ,id) and a{S 1 ,c) are 
different for the reference maps id = S 1 — > S 1 = BZ and the constant map 
c : S 1 — > BZ by cutting S" 1 open along the embedded 5° C 5 1 . One has to 
choose homotopies h + : i + ~ c : S]_ — > £>Z and /i_ : i_ ~ c : — > £?Z for 
S± the upper and lower hemispheres and i± : S± BZ — S 1 the inclusion. 
Then the term describing a(S]_ Uid 51, id) — a(S\ Uid S^,c) is given again by 
a formation which does not represent zero in L 1 (Z[Z}). By crossing with CP 2n 
one gets also examples in dimensions An + 1 of this type because crossing with 
CP 2 " induces an isomorphism i 1 (Z[Z])[l/2] -> J L 4ll+1 (Z[Z])[l/2]. 



The next lemma is the algebraic version of Lemma L5 (see also |2l| , Prop. 
1.8.2 ii]). 

Lemma 2.8 Let n be any positive integer. Let (i* : C* —* C*,(S(/),(f))) and 
(j* : I?* — > I?*, (Stp,ip)) be two n- dimensional (finitely generated projective sym- 
metric) Poincare pairs. Let u*,v* : C. t — > be a R-chain equivalences such 
that both Q n {u„) and Q n (v*) map (64>,4>) to (6ijj,ijj). Let W* : C* — > C* be a It- 
chain map with u* o in* Let (E*(u*), (Su, v)(u*)) cmd (<5i/, z^)(i>*)) 
respectively be the n-dimensional Poincare chain complexes obtained from i* 
and j* fey glueing along u* and v* respectively. Let (T(m*),/i) &e t/ie algebraic 
mapping torus of w*. Its underlying R-chain complex is the mapping cone of 
cone(id— w*) (cf. JS^ , page T/ien we get m L n {R) 

a(E*(u*), (6v,v)(u*)) —a(E*(v«), {8v, v){v*)) = a(T(w*),(i). 

In general symmetric signatures and higher signatures are not additive (see 
Example |l . 1 0[ ) . In the situation of Lemma 1.5 the difference of symmetric 



signatures (and thus of higher signatures) is measured by the symmetric sig- 
nature of the corresponding mapping torus. If we want to see the difference 
in L n (C*(G)), we only have to consider the algebraic mapping torus as ex- 



plained in Lemma 2.8. To detect the image of the class of the mapping torus in 



L n {C;{G)) under the isomorphism sign : L n {C;{G)) -> K {C*(G)) the formula 
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[ fL9[ Proposition 4.3] is useful. It reduces the computation of the difference of 
the element [r : M N~ — » X] — [s : M iV _ — * X] under the composition 

fl n (BG) —> K n (BG) — > K n (C*(G)) to an expression which only involves the 
chain complex of C*{dM) and the map induced by the automorphism o ?/> 
in a rather close range around the middle dimension. 

Remark 2.9 Let Z be a closed oriented n-dimensional manifold with a ref- 
erence map r : Z — > _BG. Suppose that we have for the m-th Novikov-Shubin 
invariant a m (Z) = oo + in the case n = 2m — 1 and, in the case n = 2m, we have 
a m (Z) = oo + and for the m-th L 2 -Betti number bin (Z) = 0. Then we conclude 



from the arguments above and Lemma 3.1 that a : Q n (BG) — > L n (C*(G; 



maps [Z, r] to zero. Namely, we have constructed an explicit algebraic nullbor- 
dism above. Hence we conclude that all higher signatures of [Z, r] vanish if the 
assembly map A R : KO n (BG)®zQ -> KO n (C*(G;R)) is injective. This follows 
from the discussion in the introduction. 



3 Novikov-Shubin invariants 



Next we reformulate (following |10|j ) the condition that the middle differential 
vanishes in terms of spectral invariants. 

Let Af(G) be the von Neumann algebra associated to G. Let M be a closed 
Riemannian manifold with normal covering M — > M with deck transformation 
group G. Let v be the flat C^(G)-bundle over M whose total space is M xq 
C*(G). Let H m (M; v) and H (M; v) resp. be the unreduced and reduced m- 
th cohomology of M, i.e. ker(d m )/ im(d m_1 ) and ker(d m )/im(rf m_1 ) resp. for 
d the differential in the deRham complex fT(M; v) of Hilbert C*(G)-modules. 
The next lemma is contained in Lemmas 2.1 and 2.3 of p0[ . 
Lemma 3.1 The following assertions are equivalent for an integer m. 

(a) The canonical projection H m (M; v) — > H m {M;v) is bijective; 

(b) The C*(G)- chain complex C*(M) (E>zg C*{G) is C*(G)- chain homotopy 
equivalent to a finitely generated projective C*(G)- chain complex D* whose 
m-th differential d m : D m — > Z) m -i is trivial; 

(c) The Af(G)-chain complex C*(M) ®ug N{G) is Af(G)-chain homotopy 
equivalent to a finitely generated projective J\f(G)- chain complex whose 
m-th differential d m : D m — * D m —\ is trivial; 

(d) The Novikov Shubin invariant a m (M) is oo + (see JT^/ j; 

(e) The Laplacian acting on L 2 (M, f2 m_1 )/ ker(d m_1 ) has a strictly positive 
spectrum. 
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Proof : ^ ffl) We can interprete the (a priori purely algebraic) G*(G)- 
cochain complex homzcCC* (M), G*(G) as cochain complexes of Hilbert G*(G)- 
chain complexes with adjointable morphisms as differentials by the identifica- 
tion of each cochain module with the direct sum of finitely many copies of 
G£(G) using cellular ZG-basis. There is a G*(G)-chain homotopy equivalence 
(by bounded chain maps and homotopies) fi*(M; v) — ► hom ZC ; (G*(M), G*(G)). 
Hence the image of the (m — l)-th differential in Q*(M;v) is closed if and 
only if the same is true for the one in hom^c (G*(M), G*(G)). The image of 
a differential in homzG(G*(M), G*(G)) is closed if and only if the image is a 
direct summand in the purely algebraic sense [^4[ Corollary 15.3.9]. But this is 
equivalent to the assertion that homzc (G* (M), G*(G)) is G*(G)-chain homo- 
topy equivalent to a finitely generated projective G*(G)-cochain complex whose 
(m — l)-th codiffcrential is trivial by Lemma |2.l| . This is true if and only if 
G»(M) (g>zc G*(G) is C*(G)-chain homotopy equivalent to G*(G)-chain com- 
plex with trivial m-th differential. 

® => (§) is obvious. 

(0) @ follows directly from the interpretation of Novikov-Shubin invariants 
in terms of the homology of G* (M) ® ZG Af(G) Jl§ . 

<=? Q follows from the fact that the dilatational equivalence class of the 
spectral density function of the simplicial m-th codifferential and the analytic 
m-th codifferential agree. [Q. 

(||) Assertion (^) can be reformulated to the statement that the spectrum 
of {d m - 1 )*d m - 1 for d m - x (m - l)-th differential in (M; u) has a gap at zero. 
But this spectrum is the same as the spectrum of (d m_1 )*d m_1 for d m_1 the 
(m — l)-th differential in the deRham complex L 2 fl* (M) of Hilbert spaces which 
has a gap at zero if and only if (^) is true. ■ 
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Appendix: Mapping tori of special 
diffeomorphisms 
by 

Matthias Kreck 

In this appendix we consider the image of the bordism group of diffeomor- 
phisms on smooth manifolds over a CW-complex X with finite skeleta under the 
mapping torus construction. By a diffeomorphism over X we mean a quadrupel 
(M, /, g, h), where M is a closed oriented smooth manifold, g an orientation pre- 
serving diffeomorphism on M, f : M — > X a continuous map and h a homotopy 
between / and fog. The role of the homotopy h becomes clear if we consider 
the mapping torus M g := M x [0, l]/( s ( x ),o)~(a:,i)! which is by projection to the 
second factor a smooth fibre bundle over S 1 . Then h allows an extension of / 
on the fibre over to a map h([(x, t)]) := h(x, t) and any such extension gives a 
homotopy h with the properties above. 



Following [ EC1 we denote the bordism group of these quadrupels by A n (X). 
Let Q n +i(X) be the bordism group of oriented smooth manifolds with refer- 
ence map to X. The mapping torus construction above gives a homomorphism 



A n (X) — > il n+ i(X). It was shown in [Kl| for X simply connected and in 
[ |Ql|] for general X that for n even this map is surjective. Recently Wolfgang 
Luck and Eric Leichtnam asked whether the same statement holds if we only 
allow quadrupels where the map / is 2-connected and (M, f) represents zero 
in £l n (X). We call such a quadrupel a special diffeomorphism over X and the 
subset of A n (X) represented by special diffeorphisms by SA n (X) (it is not clear 
to the author whether this subset forms a subgroup). For X simply connected 



one can conclude from [Kl, §9 ], that SA2 n (X) — > Q2n+i(X) is surjective. In 



this note we generalize this to arbitrary complexes X . 
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Theorem: Let X be a CW -complex with finite skeleta. For n > 2 the mapping 
torus construction gives a surjection SA2 n (X) — * fl2n+i(X). 

Proof: Let (N,g) be an element of l^n+lPO- Consider a representative 
(M,r) of in Q,2 n (X). We use the language and results from JK2| ]. We con- 
sider the fibration p 2 : X x BSO — > i?S"0 and denote it by £>. The map 
r x is : Al — ► where ^ is the normal Gauss map, is a normal B-structure. By 



[ K2 , Corollary 1] we can replace [M, r x v) up to bordism by a n-equivalence 
r' xv' : M' — > X x SS'O giving a normal (n — l)-structure on M'. In particular 
r' : M' X is 2-connected. 

Now we form the disjoint union (M' x I) + N and consider the map q : 
[M' x I) + N — > X given by r'pi and g, where p\ : M' x / — > M' is the 
projection. We want to replace this manifold by a manifold W diffeomorphic 
to M x 7 which is bordant relative boundary over X to (M ' x I) + N. If this 
is possible we are finished since then we glue the two boundary components of 
W and the maps together to obtain a mapping torus and a map to X. This is 
bordant over X to (N, g) since it is bordant to {{M 1 x S 1 ) + N, r'p\ + g) (note 
that (M' x S' 1 ,r''p 1 ) is zero bordant over X). 

This idea does not work directly. What we will prove is that there is a 
bordism W between M'#m(S n x S n ) and M / #m(S n x S n ) for some m equipped 
with a map to X which on the two boundary components is the composition of 
the projection from M#m(S n x S n ) to M and r' , such that W is diffeomorphic 
to (M'#m(S' n x S n )) x I. We further achieve that the manifold obtained by 
glueing the boundary components of W together is over X bordant to (TV, g) . 
This is by the considerations above enough to prove the theorem, since our map 
from M#m(S n x S") to I x BSO is again a n-equivalence. 



That this indirect way works follows from [ K2 . Theorem 2] , which says that 
we can replace (M' x I) + N by a sequence of surgeries over X x BSO and 
compatible subtractions of tori by an s-cobordism W between M'#m(S n x S n ) 
and M'#m(5 n x S n ) (the fact that the number of S n x S n, s one has to add by 
Theorem 2 to the boundary components of W is equal follows from the equality 
of the Euler characteristic of the two boundary components). If n > 2 the 
s-cobordism theorem implies W diffeomorphic to (M'#m(S n x S n )) x I. If 
n = 2 the same is true by the stable s-cobordism theorem of JQ2| ] after further 
stabilization of W by forming k times a "connected sum" between (S 2 x S 2 ) x I 
and W along an embeded arc joining the two boundary components of W . To 
finish the argument one has to note from the definition of compatible subtraction 
of tori that this process does not affect the bordism class over X for the manifold 
obtained by glueing the two boundary components together. 

To see this we recall the definition of subtraction of tori. Consider two 
disjoint embeddings of S n x D n+1 into W such that the map to X is constant 
on both S n x O's. Join each of these embedded tori by an embedded I x D 2n 
with the two boundary components and subtract the interior of these embedded 



submanifolds to obtain W' . This is the subtraction of a pair of tori used in [K2 
Theorem 2]. The boundary of W consists of two copies of M#(S n x S n ). 
There is an obvious bordism over X between the manifold obtained from W by 
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identifying the two boundary components and the manifold obtained from W' 
by identifying the two boundary components. ■ 

Remark: In general it is difficult to say much about the special diffco- 
morphism whose mapping torus is bordant to the given pair (N,g). The main 
difficulty is the determination of the diffcomorphism. One can obtain some in- 
formation on M'. For example if X — S 1 and n — 2 the proof above shows 
that we can take for M' the following manifold: S 1 x 5 3 #CP 2 #CP 2 and thus 
the special diffeomorphism lives on S 1 x S' 3 #CP 2 #CP 2 #m(S' 2 x S 2 ) for some 
unknown integer m. More generally in dimension 4 for an arbitrary X one can 
use instead of S 1 x S 3 the boundary of any thickening of the 2-skeleton of X in 
M 5 . 
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